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Abstract 

A mathematically consistent procedure for coupling quasiclassical 
and quantum variables through coupled Hamilton-Heisenberg equa- 
tions of motion is derived from a variational principle. During evolu- 
tion, the quasiclassical variables become entangled with the quantum 
variables with the result that the value of the quasiclassical variables 
depends on the quantum state. This provides a formalism to com- 
pute the backreaction of any quantum system on a quasiclassical one. 
In particular, it leads to a natural candidate for a theory of gravity 
coupled to quantized matter in which the gravitational field is not 
quantized. 
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Few would argue with the view that the universe is wholly quantum, and 
that classical physics is only an approximate description of a collection of phe- 
nomena that emerge in certain situations |^ . This view has not always been 
universally held, especially concerning the quantization of the gravitational 
fieldQ. In this Letter, working within the simplified context of quantum me- 
chanics, I shall present and interpret a mathematically consistent scheme for 
coupling "classical" and quantum variables. This has a dual purpose. It is 
intended to assuage mathematical doubts about how classical and quantum 
variables may coexist in a single theory. Secondly, this approach serves as 
an approximate description of any fully quantum mechanical theory when 
some of the variables behave essentially classically. It provides a means of 
computing the backreaction that quantum variables have on the evolution of 
classical ones without having to make a full semiclassical analysis. 

Confidently assuming that the same scheme extends to field theory, this 
approach has potentially far-reaching implications. By presenting the outline 
of a new theory in which the gravitational field is not quantized, it reopens 
the debate on the necessity of quantizing gravity p, ^. Alternatively, when 
viewed as an approximation to a fully quantum theory of gravity in energy 
regimes where quantum gravitational effects can be ignored, it improves on 
conventional quantum field theory in curved spacetime by taking account of 
the backreaction of quantum matter fields on the classical spacetime back- 
ground. The effects of backreaction are expected to be very important for a 
complete understanding of information loss in black hole evaporation!^. It 
is an interesting question whether the predictions of a fully quantum theory 
of gravity would differ in an experimentally detectable way from those of this 
type of formulation. 

The approach followed here is similar in motivation to one discussed inde- 
pendently by Aleksandrov0 and by Boucher and Traschen]^], but it differs 
in details and has an entirely original derivation and interpretation. The 
key feature is that the classical variables evolve to become correlated with 
the state of the quantum variables. Because this correlation may be with 
different states in a quantum superposition, the classical variables need not 
have a definite value but may take a distribution of values depending on the 
quantum state. This parallels the behavior one expects in a fully quantum 
system as some variables become classical (cf. 0). These variables are not 
then entirely classical, but may be more properly called quasiclassical. 

This behavior stands in contrast to that predicted by the traditional ap- 
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proach of coupling classical variables to the expectation value of quantum 
ones0, 1^. As emphasized by Kibble Q, the traditional approach amounts 
to a nonlinear modification of quantum theory. The quasiclassical approach 
takes the easier route of accepting linear quantum mechanics yet allowing 
the value of the quasiclassical variables to depend on the quantum state. By 
relaxing the requirement that quasiclassical variables take a single definite 
value, a state-dependent backreaction of the quantum variables on the qua- 
siclassical evolution is made possible. Effectively the quantum variables act 
like a source of noise on the quasiclassical evolution. (In this connection, the 
approach of Hu|0] to include stochastic corrections to traditional semiclassi- 
cal gravity should be mentioned as a possibly related alternative.) One might 
ask in what sense the quasiclassical variables are classical if it is not because 
they take definite values. The answer is that they are classical because they 
do not exhibit self-interference effects. That is, in the absence of coupling 
to a quantum system, the quasiclassical variables evolve classically without 
interference phenomena. 

To elaborate on this, consider a fully quantum system in which some vari- 
ables evolve essentially classically, that is, as well localized wave packets with 
minimal dispersion, when coupling to the remaining variables is neglected. 
In the presence of coupling, quantum fluctuations of these other variables 
can lead the "classical evolution" to divide into a collection of qualitatively 
distinct evolutions, most easily by triggering instabilities. By appealing to 
the concept of decoherence[|l], H, one finds that each of these evolutions 
occurs with a classical probability as the overlap between states associated 
to different evolutions tends to zero. This phenomenon in which the dis- 
tribution among possible quasiclassical evolutions is controlled by quantum 
fluctuations in the non-quasiclassical variables is potentially important in 
many areas of physics where the classical and quantum regimes overlap. It 
may be particularly important in the early universe. In a different context, 
quantum fluctuations of a scalar field amplified by inflation have already been 
proposed as the source of fluctuations in the cosmic microwave background 
radiation and as seeds for galaxy formation . 

The first step in the proposal for coupling quasiclassical and quantum 
variables is to characterize each type of variable. Viewed algebraically, quan- 
tum variables are noncommutative variables satisfying commutation rela- 
tions. To be explicit, consider one variable and its conjugate with the 
canonical commutation relation = i {h = 1). One can define a non- 
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commutative algebra lA^''^ of functions of g, p involving arbitrary complex 
powers of each. This is essentially the algebra of pseudodifferential oper- 
ators, and it contains all observables, as well as non-self-adjoint elements. 
Quantum canonical transformations are maps between canonically conjugate 
pairs of elements which preserve the canonical commutation relations ||TT|, p!^ . 
They are generated by the adjoint action of an element, say, C E 
C:{q,p)^iCqC-\CpC-'). 

The Hamiltonian H{q,p,t) at a fixed time is an element of U^'^\ and it 
can be used to define a quantum action. 
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where the integral is over a path in U^'^\ The Heisenberg equations of motion 
can be derived by a quantum variational principle. Variations are defined in 
terms of the infinitesimal canonical transformations which generate transla- 
tions of q and p. Requiring that the action be stationary under such varia- 



tions with fixed endpoints leads to the Heisenberg equations of mot ion [p!^. A 
canonical transformation is simply a change of basis in U^'^\ and the Heisen- 
berg equations of motion are invariant under them. For a time-independent 
Hamiltonian, evolution in the Heisenberg picture is produced by the unitary 
canonical transformation C = e*^*. 

(Quasi)classical variables satisfy Poisson bracket relations. Again, con- 
sider the case of one variable with {x,k} = 1 {{f,g} = d^fdkg — OkfO^g). 
Classical mechanics can be formulated by working from a commutative alge- 
bra of functions U^^'' of the phase space variables. Canonical transformations 
are maps between canonically conjugate pairs of elements of this algebra. 
The action can be defined as an integral over a path in IA'^^'> as in (|l]). In 
parallel to the quantum case, the Hamilton equations of motion are obtained 
by requiring that the action is stationary under variations generated by the 
infinitesimal canonical transformations which generate translations in x and 
k. For a time-independent Hamiltonian, evolution is produced by the unitary 
transformation C = e^^*, where vnf = dxfdkH — dkfdxH defines the action 
of the Hamiltonian vector field vh generated by if on a function / G U^^\ 

Given this strongly parallel treatment of the equations of motion for quan- 
tum and (quasi) classical variables, it is natural to couple them by working 
with an algebra IA^''~^^ of functions of both commutative elements x, k satis- 
fying the Poisson bracket relation {x, k} = 1 and noncommutative elements 
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q, p satisfying the canonical commutation relation [q,p] = i. All other brack- 
ets between these elements are assumed to vanish. (Note that x, k, q, p are 
essentially generators of the algebra U^'^~'^^ and should be distinguished from 
the dynamical variables x{t), k{t), etc. which happen to take those specific 
values at the initial time.) Two general elements A, B of U^'^~'^\ involving 
both commutative and noncommutative variables, are canonically conjugate 
with respect to a quasiclassical bracket if they satisfy the relation 

[A,B]^,.,) = [A,B]+t{A,B} = t (2) 

The order of quantum variables is preserved when evaluating the Poisson 
bracket: thus, if U, V are functions of the quantum variables and /, g are 
functions of the quasiclassical variables, one has the quasiclassical bracket 
[fU, gV](^q_c) = fg[U, V]+iUV{f, g}. This quasiclassical bracket differs from 
the definition in Refs. and [0] and in particular is not antisymmetric. 

Since every element of W^^"'^-' is expressed in terms of q, p, x and k, canon- 
ical transformations can be characterized by their action on these elements. 
Elementary canonical transformations JTT| can be defined which transform 
the noncommutative elements q, p as quantum variables and the commu- 
tative ones X, k as classical variables — that is, without sensing the mixed 
character of the quasiclassical bracket. A large class of (essentially all use- 
ful) canonical transformations are produced by composition of elementary 
transformations. In particular composition produces transformations which 
are of mixed character, and one finds the bracket which is preserved under 
composition is the quasiclassical bracket above. This justifies the choice of 
this bracket. A general canonical transformation is then a map between pairs 
of canonically conjugate elements, which preserves the quasiclassical bracket 
relations [A,B](^q_c) = i- Note that if one has [f,g\ = or {U,V} = 
initially, these relations are not generically preserved by general canonical 
transformations. 

For a Hamiltonian H{q,p,x,k,t), a variational principle analogous to 
those above shows that the coordinates {q(t),p(t),x{t),k(t)) satisfy coupled 
Hamilton-Heisenberg equations of motion, which at the initial time read 

q = -i[q,H] , p = -i[p,H], (3) 
x = {x,H} , k = {k,H}. 

A function A{q,p, x, k, t) of both quasiclassical and quantum variables satis- 



5 



fies 

If dH/dt = 0, evolution in the "Heisenberg picture" is generated by 
e^H *j where v]j is the quasiclassical analog of a Hamiltonian vector field 
vj| '^V = ~^[/; -^](g-c)- Since the quasiclassical bracket is not antisymmetric, 
it is possible for a time-independent Hamiltonian to have nontrivial evolution 

dH/dt = -i[H,H]^g_,)^0. (5) 

This is an unusual feature of this proposal, apparently related to factor or- 
dering of the Hamiltonian as the coordinates evolve. Evolution in this case 
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The coupled Hamilton-Heisenberg equations of motion are invariant un- 
der general canonical transformations which mix the quantum and quasiclas- 
sical degrees of freedom, so their solutions can be computed in any basis. An 
S-matrix computed in one basis is equivalent to one computed in another, and 
this answers Duff's objection]^] that such transformations would not pre- 



serve the S-matrix in a theory with both classical and quantum variables . 

It is clear from the equations of motion that the quasiclassical variables 
will evolve to depend on the quantum variables q, p, and vice versa. The 
latter condition is familiar: the quasiclassical variables can be viewed simply 
as c-number parameters in the Heisenberg operators q{t) and p{t). That 
the quasiclassical variables come to depend on q and p is the distinguishing 
feature of this proposal and leads to state-dependent values for x{t) and k{t). 
Choose as initial state the product of a quantum state (possibly a density 
matrix) and a pair of definite values for the quasiclassical variables (or a 
density matrix describing their positive joint probability distribution). In 
the Heisenberg picture, one can compute expectation values of observables at 
time t in the usual way — x and k act as multiplication operators on the initial 
state, taking the values of the initial quasiclassical positions and momenta 
(with their respective probabilities). 

Alternatively, suppose that x(t) = A{q,p,x,k,t). The operator depen- 
dence may be interpreted by decomposing the initial quantum state into 
eigenstates of A, using the initial quasiclassical values for x and k. Then, 
the probability that x{t) takes a given value A is the probability that the 
quantum state is in the eigenstate having the eigenvalue A. 
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One may well ask whether the joint distribution of values for {x{t), k{t)) 
is necessarily a positive probability distribution. The answer is that it is 
not. This should not be unexpected. If evolution leads to [x{t),k{t)] ^ 0, 
as it may, xif) and cannot be simultaneously measured, and they won't 
necessarily have a positive joint probability distribution. A consequence is 
that the Schrodingcr representation can be problematic because the evolved 
quasiclassical system is not obviously described by a state (or even a density 
matrix) . This is a topic for further study. 

One might argue that the quasiclassical variables are no longer very clas- 
sical because they have lost the property of simultaneous measurability. The 
essential point though is that this has arisen because of their entanglement 
with the quantum variables and not because of intrinsic self-interference. 
One expects that a coarse-graining on the scale of the quantum variables will 
render the joint distribution positive. Incidentally, it is the fact that a;(i) 
and k{i) are limited in their simultaneous measurability by one's ability to 
put the quantum system in a simultaneous eigenstate of each that prevents 
one from violating the uncertainty principle by making measurements of the 
quasiclassical variables. 

An example will illustrate the proposal. Consider the Hamiltonian H — 
^kp'^. The solutions are easily found to be p{t) = p, k{t) = k, q(t) = q + kpt, 
x{t) = X + \p'^t- Since x{t) and k{t) commute with if, one can work in the 
Schrodinger picture by decomposing the initial state into eigenfunctions of 
H: the wavefunction of the quantum particle is expanded in plane waves 
and the initial conditions of the quasiclassical particle are labeled \{x\k')). 
The propagator can be formally denoted e~*^* which is understood to give 
the usual phase factor involving the eigenvalue of H when it acts on the 
initial state. It also evolves the quasiclassical variables to their final operator 
values which then act on the quantum state. (Generally Schrodinger picture 
evolution is more subtle than this and requires discussion beyond the scope 
of this Letter.) The evolved state of the full system is 



If the wavepacket for the quantum particle is highly concentrated around the 
momenta p'^ and p'2 with amplitudes ifji^q) and ^^2(5) respectively, then the 
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\{x' + \p'\k')). 
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state of the full system is approximately 

* ^ ^j^,{q)\{x' + Ip[H, k')) + + Ip'it, k')). (7) 

The probability that the classical particle is at x{t) — x' + ^pft at time t is 

I\Mq)?dq. 

A second example shows three more features of the coupling of quasiclas- 
sical and quantum variables. Consider the Hamiltonian 

H ^^p^ + akq. (8) 

The solution to the equations of motion are k{i) = k, p{t) = p — akt, q{t) — 
q + pt — ^akt"^ and 

ft 11 
x(t) ^x + a dt q(t) ^ x + aqt + -apf - -a^kt^. (9) 
Jq 2 6 

The first thing to note is that x{t) does not depend on the instantaneous 
eigenvalue of a fixed operator but has an accumulated dependence over time. 
Thus the operator which determines the distribution of values of x{t) changes 
dynamically. 

Next, there is a feedback term —a^kt^/Q present. This arises because the 
quasiclassical variables infiuence the quantum variables which in turn act 
back on the quasiclassical variables. The result is a quasiclassical term in the 
evolution which would not be present except through the quantum coupling. 
It is a second order effect as one expects. 

The solution to the Hamilton-Heisenberg equations of motion are the 
Heisenberg picture operators. This means that it is easy to compute any 
expectation value at a later time in terms of expectation values at the initial 
times. In particular, the variance of x{t) is 

Ax(t) = A(g + ]-pt)at. (10) 

This shows that while one can squeeze the initial quantum state to make the 
variance in x{i) vanish at a particular later instant, the variance cannot be 
held small. 

Since the quantum state does not have a definite value, in equations of 
motion like x = q, the quantum variable behaves as a noise term. This raises 
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the intriguing possibility of using quasiclassical quantum theory as a way 
of solving classical stochastic differential equations. It is clear that one is 
solving a stochastic differential equation by this approach. The question of 
whether one can solve stochastic differential equations which are of interest 
is under investigation. 

The proposal for a quasiclassical theory of gravity is to solve the coupled 
equations 

G^, = SvrT^,, T'^^, = 0, (11) 

where the metric is assumed to be quasiclassical and the matter fields are 
quantum. There are several difficulties to be overcome in implementing this 
in practice. The most obvious is simply finding any solutions to the equa- 
tions. As a first step, a covariant gauge-invariant perturbative approach ||17|| 



seems natural. In the larger picture, there are questions about the nature 
of the Hilbert space for the quantum variables as this depends on the choice 
of background in a way that the Hilbert space in the quantum mechanical 
context did not depend on the quasiclassical variables. This is but one as- 
pect of the problem of time||18||, involving the definition of quantum theory 



in curved backgrounds, which must be addressed. 
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